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Criticality, Dynamics, and 
Quantum Mechanics

• How do dynamical quantities i.e. multi-time correlation functions, transport coefficients, 
relaxation rates, etc. behave near critical point?


• For classical phase transitions, separate theory of dynamical phenomena 


• Separation of fast and slow quantities,  conservation laws put in by hand 


• Quantum systems inherently dynamical


• Unitary time evolution encodes symmetries and conservation laws


• For systems near Quantum criticality interplay of thermal and quantum fluctuations control 
dynamics



What is a Quantum Phase 
Transition?

• Transition between quantum phases by varying physical parameter (magnetic field, chemical 
potential, etc.) at T=0


• No thermal fluctuations, driven by quantum fluctuations


• What characterizes second order QPT?


• Diverging correlation length 


• Vanishing energy scale 


• Dynamic critical exponent  different scaling of space and time

ξ ∼ Λ |g − gc |ν

Δ ∼ J |g − gc |zν ∼ ξ−z

z



Example: Transverse Field 
Ising Model

• 1d ferromagnetic Ising chain with transverse on-site field


• 


•  two degenerate ground states: 


•  to  one ground state: 


• Intermediate , not diagonal in either  or  basis QM tunneling induces spin flips even at 
!
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T=0 Phase Diagram
•  symmetry spontaneously broken by  ground state


• Must be QPT between two phases


• : Quantum ordered/ferromagnet with 


• : Quantum disordered/paramagnet with 


• Transition occurs at , consequence of self-duality
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Quantum Classical Mapping 
and Imaginary Time

•  TFIC phase diagram looks similar to classical Ising model but for 


• Quantum/Classical mapping: “equivalence”  for classical system in d+1 dim 

with quantum system in d dim+imaginary time 

• Interested in quantities related to correlation functions (in equilibrium)




• Wick rotation: , where  


• Calculate quantities in imaginary time and analytically continue to real time at the end

T = 0 d = 2

Z ∼ Tr [e−
HQ
kBT ]

C(t1, t2) = ⟨A(t1)B(t2)⟩ =
1
Z

Tr [e−βHeiHt1Ae−iHt1eiHt2Be−iHt2]

it → τ τ ∈ (0, β)



Finite temperature Signatures 
of Quantum Criticality

• Many systems with QCPs have no phase transition for ,  always finite 


• New timescale  from quantum fluctuations related to a lifetime of single particle 
(quasiparticle) excitations


• For ,  scaling very important for dynamics


• Away from QCP  (parametrically larger), semiclassical dynamics


• Near QCP  thermal and quantum effects happen on same timescale

T > 0 ξ

τφ

T → 0 τφ → ∞

τφ ≫ 𝒞
ℏ

kBT

τφ ≥ 𝒞
ℏ

kBT



Example: Transverse Field 
Ising Model

• Dynamics captured in correlator





• Three regimes separated by crossovers


• RC: dilute domain wall excitations


• QD: dilute spin flip excitations


• QC: no single particle excitations 


• Universal scaling form 

C(xℓ, t) = ⟨σz(xℓ, t)σz(0,0)⟩ =
1
Z

Tr [e−βHIeiHItσz
ℓe−iHItσz

0]

C(x, t) = ZT1/4ΦI ( Tx
c

, Tt,
Δ
T )

Quantum
critical

Renormalized
Classical

Quantum
Disordered

T
<latexit sha1_base64="ryAuQv1LGhXaa12rY3Xfl/UrHJw=">AAAB6HicdVDLSgNBEOyNrxhfUY9eBoPgKexKjPEW9OIxgbwgWcLspDcZnX0wMyuEJV/gxYMiXv0kb/6Nk2QFFS1oKKq66e7yYsGVtu0PK7eyura+kd8sbG3v7O4V9w86KkokwzaLRCR7HlUoeIhtzbXAXiyRBp7Arnd3Pfe79ygVj8KWnsboBnQccp8zqo3UbA2LJbtsVyq1qk0MWcCQ6uV5xakRJ1NKkKExLL4PRhFLAgw1E1SpvmPH2k2p1JwJnBUGicKYsjs6xr6hIQ1Queni0Bk5McqI+JE0FWqyUL9PpDRQahp4pjOgeqJ+e3PxL6+faL/mpjyME40hWy7yE0F0ROZfkxGXyLSYGkKZ5OZWwiZUUqZNNgUTwten5H/SOSs7dtlpVkr1qyyOPBzBMZyCAxdQhxtoQBsYIDzAEzxbt9aj9WK9LltzVjZzCD9gvX0C/uKNDw==</latexit><latexit sha1_base64="ryAuQv1LGhXaa12rY3Xfl/UrHJw=">AAAB6HicdVDLSgNBEOyNrxhfUY9eBoPgKexKjPEW9OIxgbwgWcLspDcZnX0wMyuEJV/gxYMiXv0kb/6Nk2QFFS1oKKq66e7yYsGVtu0PK7eyura+kd8sbG3v7O4V9w86KkokwzaLRCR7HlUoeIhtzbXAXiyRBp7Arnd3Pfe79ygVj8KWnsboBnQccp8zqo3UbA2LJbtsVyq1qk0MWcCQ6uV5xakRJ1NKkKExLL4PRhFLAgw1E1SpvmPH2k2p1JwJnBUGicKYsjs6xr6hIQ1Queni0Bk5McqI+JE0FWqyUL9PpDRQahp4pjOgeqJ+e3PxL6+faL/mpjyME40hWy7yE0F0ROZfkxGXyLSYGkKZ5OZWwiZUUqZNNgUTwten5H/SOSs7dtlpVkr1qyyOPBzBMZyCAxdQhxtoQBsYIDzAEzxbt9aj9WK9LltzVjZzCD9gvX0C/uKNDw==</latexit><latexit sha1_base64="ryAuQv1LGhXaa12rY3Xfl/UrHJw=">AAAB6HicdVDLSgNBEOyNrxhfUY9eBoPgKexKjPEW9OIxgbwgWcLspDcZnX0wMyuEJV/gxYMiXv0kb/6Nk2QFFS1oKKq66e7yYsGVtu0PK7eyura+kd8sbG3v7O4V9w86KkokwzaLRCR7HlUoeIhtzbXAXiyRBp7Arnd3Pfe79ygVj8KWnsboBnQccp8zqo3UbA2LJbtsVyq1qk0MWcCQ6uV5xakRJ1NKkKExLL4PRhFLAgw1E1SpvmPH2k2p1JwJnBUGicKYsjs6xr6hIQ1Queni0Bk5McqI+JE0FWqyUL9PpDRQahp4pjOgeqJ+e3PxL6+faL/mpjyME40hWy7yE0F0ROZfkxGXyLSYGkKZ5OZWwiZUUqZNNgUTwten5H/SOSs7dtlpVkr1qyyOPBzBMZyCAxdQhxtoQBsYIDzAEzxbt9aj9WK9LltzVjZzCD9gvX0C/uKNDw==</latexit><latexit sha1_base64="ryAuQv1LGhXaa12rY3Xfl/UrHJw=">AAAB6HicdVDLSgNBEOyNrxhfUY9eBoPgKexKjPEW9OIxgbwgWcLspDcZnX0wMyuEJV/gxYMiXv0kb/6Nk2QFFS1oKKq66e7yYsGVtu0PK7eyura+kd8sbG3v7O4V9w86KkokwzaLRCR7HlUoeIhtzbXAXiyRBp7Arnd3Pfe79ygVj8KWnsboBnQccp8zqo3UbA2LJbtsVyq1qk0MWcCQ6uV5xakRJ1NKkKExLL4PRhFLAgw1E1SpvmPH2k2p1JwJnBUGicKYsjs6xr6hIQ1Queni0Bk5McqI+JE0FWqyUL9PpDRQahp4pjOgeqJ+e3PxL6+faL/mpjyME40hWy7yE0F0ROZfkxGXyLSYGkKZ5OZWwiZUUqZNNgUTwten5H/SOSs7dtlpVkr1qyyOPBzBMZyCAxdQhxtoQBsYIDzAEzxbt9aj9WK9LltzVjZzCD9gvX0C/uKNDw==</latexit>

h
<latexit sha1_base64="O2SPaAnS+J89kSP+JeRWqUA5+Go=">AAAB6HicdVDLSgNBEOyNrxhfUY9eBoPgKexKjPEW9OIxAfOAZAmzk95kzOyDmVkhLPkCLx4U8eonefNvnCQrqGhBQ1HVTXeXFwuutG1/WLmV1bX1jfxmYWt7Z3evuH/QVlEiGbZYJCLZ9ahCwUNsaa4FdmOJNPAEdrzJ9dzv3KNUPApv9TRGN6CjkPucUW2k5nhQLNllu1KpVW1iyAKGVC/PK06NOJlSggyNQfG9P4xYEmComaBK9Rw71m5KpeZM4KzQTxTGlE3oCHuGhjRA5aaLQ2fkxChD4kfSVKjJQv0+kdJAqWngmc6A6rH67c3Fv7xeov2am/IwTjSGbLnITwTREZl/TYZcItNiaghlkptbCRtTSZk22RRMCF+fkv9J+6zs2GWnWSnVr7I48nAEx3AKDlxAHW6gAS1ggPAAT/Bs3VmP1ov1umzNWdnMIfyA9fYJHUGNIw==</latexit><latexit sha1_base64="O2SPaAnS+J89kSP+JeRWqUA5+Go=">AAAB6HicdVDLSgNBEOyNrxhfUY9eBoPgKexKjPEW9OIxAfOAZAmzk95kzOyDmVkhLPkCLx4U8eonefNvnCQrqGhBQ1HVTXeXFwuutG1/WLmV1bX1jfxmYWt7Z3evuH/QVlEiGbZYJCLZ9ahCwUNsaa4FdmOJNPAEdrzJ9dzv3KNUPApv9TRGN6CjkPucUW2k5nhQLNllu1KpVW1iyAKGVC/PK06NOJlSggyNQfG9P4xYEmComaBK9Rw71m5KpeZM4KzQTxTGlE3oCHuGhjRA5aaLQ2fkxChD4kfSVKjJQv0+kdJAqWngmc6A6rH67c3Fv7xeov2am/IwTjSGbLnITwTREZl/TYZcItNiaghlkptbCRtTSZk22RRMCF+fkv9J+6zs2GWnWSnVr7I48nAEx3AKDlxAHW6gAS1ggPAAT/Bs3VmP1ov1umzNWdnMIfyA9fYJHUGNIw==</latexit><latexit sha1_base64="O2SPaAnS+J89kSP+JeRWqUA5+Go=">AAAB6HicdVDLSgNBEOyNrxhfUY9eBoPgKexKjPEW9OIxAfOAZAmzk95kzOyDmVkhLPkCLx4U8eonefNvnCQrqGhBQ1HVTXeXFwuutG1/WLmV1bX1jfxmYWt7Z3evuH/QVlEiGbZYJCLZ9ahCwUNsaa4FdmOJNPAEdrzJ9dzv3KNUPApv9TRGN6CjkPucUW2k5nhQLNllu1KpVW1iyAKGVC/PK06NOJlSggyNQfG9P4xYEmComaBK9Rw71m5KpeZM4KzQTxTGlE3oCHuGhjRA5aaLQ2fkxChD4kfSVKjJQv0+kdJAqWngmc6A6rH67c3Fv7xeov2am/IwTjSGbLnITwTREZl/TYZcItNiaghlkptbCRtTSZk22RRMCF+fkv9J+6zs2GWnWSnVr7I48nAEx3AKDlxAHW6gAS1ggPAAT/Bs3VmP1ov1umzNWdnMIfyA9fYJHUGNIw==</latexit><latexit sha1_base64="O2SPaAnS+J89kSP+JeRWqUA5+Go=">AAAB6HicdVDLSgNBEOyNrxhfUY9eBoPgKexKjPEW9OIxAfOAZAmzk95kzOyDmVkhLPkCLx4U8eonefNvnCQrqGhBQ1HVTXeXFwuutG1/WLmV1bX1jfxmYWt7Z3evuH/QVlEiGbZYJCLZ9ahCwUNsaa4FdmOJNPAEdrzJ9dzv3KNUPApv9TRGN6CjkPucUW2k5nhQLNllu1KpVW1iyAKGVC/PK06NOJlSggyNQfG9P4xYEmComaBK9Rw71m5KpeZM4KzQTxTGlE3oCHuGhjRA5aaLQ2fkxChD4kfSVKjJQv0+kdJAqWngmc6A6rH67c3Fv7xeov2am/IwTjSGbLnITwTREZl/TYZcItNiaghlkptbCRtTSZk22RRMCF+fkv9J+6zs2GWnWSnVr7I48nAEx3AKDlxAHW6gAS1ggPAAT/Bs3VmP1ov1umzNWdnMIfyA9fYJHUGNIw==</latexit>

hc
<latexit sha1_base64="ftnRg1k26tA2vucHaIGjV9pyMKU=">AAAB6nicdVBNSwMxEJ3Ur1q/qh69BIvgqezKWuut6MVjRfsB7VKyabYNZrNLkhXK0p/gxYMiXv1F3vw3pu0KKvpg4PHeDDPzgkRwbRznAxWWlldW14rrpY3Nre2d8u5eW8epoqxFYxGrbkA0E1yyluFGsG6iGIkCwTrB3eXM79wzpXksb80kYX5ERpKHnBJjpZvxgA7KFafqeF695mBL5rCkdn7quXXs5koFcjQH5ff+MKZpxKShgmjdc53E+BlRhlPBpqV+qllC6B0ZsZ6lkkRM+9n81Ck+ssoQh7GyJQ2eq98nMhJpPYkC2xkRM9a/vZn4l9dLTVj3My6T1DBJF4vCVGAT49nfeMgVo0ZMLCFUcXsrpmOiCDU2nZIN4etT/D9pn1Rdp+pee5XGRR5HEQ7gEI7BhTNowBU0oQUURvAAT/CMBHpEL+h10VpA+cw+/AB6+wSOUY35</latexit><latexit sha1_base64="ftnRg1k26tA2vucHaIGjV9pyMKU=">AAAB6nicdVBNSwMxEJ3Ur1q/qh69BIvgqezKWuut6MVjRfsB7VKyabYNZrNLkhXK0p/gxYMiXv1F3vw3pu0KKvpg4PHeDDPzgkRwbRznAxWWlldW14rrpY3Nre2d8u5eW8epoqxFYxGrbkA0E1yyluFGsG6iGIkCwTrB3eXM79wzpXksb80kYX5ERpKHnBJjpZvxgA7KFafqeF695mBL5rCkdn7quXXs5koFcjQH5ff+MKZpxKShgmjdc53E+BlRhlPBpqV+qllC6B0ZsZ6lkkRM+9n81Ck+ssoQh7GyJQ2eq98nMhJpPYkC2xkRM9a/vZn4l9dLTVj3My6T1DBJF4vCVGAT49nfeMgVo0ZMLCFUcXsrpmOiCDU2nZIN4etT/D9pn1Rdp+pee5XGRR5HEQ7gEI7BhTNowBU0oQUURvAAT/CMBHpEL+h10VpA+cw+/AB6+wSOUY35</latexit><latexit sha1_base64="ftnRg1k26tA2vucHaIGjV9pyMKU=">AAAB6nicdVBNSwMxEJ3Ur1q/qh69BIvgqezKWuut6MVjRfsB7VKyabYNZrNLkhXK0p/gxYMiXv1F3vw3pu0KKvpg4PHeDDPzgkRwbRznAxWWlldW14rrpY3Nre2d8u5eW8epoqxFYxGrbkA0E1yyluFGsG6iGIkCwTrB3eXM79wzpXksb80kYX5ERpKHnBJjpZvxgA7KFafqeF695mBL5rCkdn7quXXs5koFcjQH5ff+MKZpxKShgmjdc53E+BlRhlPBpqV+qllC6B0ZsZ6lkkRM+9n81Ck+ssoQh7GyJQ2eq98nMhJpPYkC2xkRM9a/vZn4l9dLTVj3My6T1DBJF4vCVGAT49nfeMgVo0ZMLCFUcXsrpmOiCDU2nZIN4etT/D9pn1Rdp+pee5XGRR5HEQ7gEI7BhTNowBU0oQUURvAAT/CMBHpEL+h10VpA+cw+/AB6+wSOUY35</latexit><latexit sha1_base64="ftnRg1k26tA2vucHaIGjV9pyMKU=">AAAB6nicdVBNSwMxEJ3Ur1q/qh69BIvgqezKWuut6MVjRfsB7VKyabYNZrNLkhXK0p/gxYMiXv1F3vw3pu0KKvpg4PHeDDPzgkRwbRznAxWWlldW14rrpY3Nre2d8u5eW8epoqxFYxGrbkA0E1yyluFGsG6iGIkCwTrB3eXM79wzpXksb80kYX5ERpKHnBJjpZvxgA7KFafqeF695mBL5rCkdn7quXXs5koFcjQH5ff+MKZpxKShgmjdc53E+BlRhlPBpqV+qllC6B0ZsZ6lkkRM+9n81Ck+ssoQh7GyJQ2eq98nMhJpPYkC2xkRM9a/vZn4l9dLTVj3My6T1DBJF4vCVGAT49nfeMgVo0ZMLCFUcXsrpmOiCDU2nZIN4etT/D9pn1Rdp+pee5XGRR5HEQ7gEI7BhTNowBU0oQUURvAAT/CMBHpEL+h10VpA+cw+/AB6+wSOUY35</latexit>

RC QD QC

Regime

ξ

τφ

T ≪ Δ T ≪ − Δ T ≫ Δ

∼ c/ |Δ | ∼ ceΔ/T

|Δ |T
∼ c

T

∼ 1
T∼ e|Δ|/T

T
∼ eΔ/T

T



How can we study Quantum 
Critical Dynamics in Real Time?
• In general, perturbative expansions and analytic continuation do not commute


• Q/C mapping only captures correlations during time period , results for  
generally untrustworthy


• What are some ways to study dynamics in interacting QC systems?


• Map interacting system to free theory (1)


• Large N expansion (2, 3)


• Keldysh real time formalism (2)


• AdS/CMT Correspondence, Hydrodynamics (4)

ℏ/kBT ω ≪ T



NMR Relaxation in Ising Spin 
Chains

Based on  J.S., N.P. Armitage, F. H.L. Essler, and S. Sachdev.“NMR relaxation 
in Ising spin chains”, Phys. Rev. B. 99, 035156 (2019), arXiv:1810.11466. 




Finding Fermions
• The TFIC, an interacting spin system can be mapped onto system of free fermions!


• Spins represented as 


• Diagonalize Hamiltonian via Bogoliubov transformation 


• 


• Continuum limit ( , , ): relativistic free fermions! 


•  where 

σx
ℓ = 1 − 2c†

ℓcℓ, σz
ℓ = − ∏

ℓ′ <ℓ
(1 − 2c†

ℓ′ cℓ′ )(cℓ + c†
ℓ)

c†
q = uqγ†

q + ivqγ−q

HI = ∑
q

ϵq(γ†
qγq −

1
2 ), ϵq = 2J 1 + h2 − 2h cos qa

a → 0 J → ∞ h ∼ 1

ϵq = c2q2 + Δ2 Δ = 2J |h − 1 | , c = 2J



Quantum Disordered Regime: 
Semiclassical Analysis

• Semiclassical limit of QD ( ): 


• Find 


• Find  ,  scaling form  (same for RC)


• Fourier transform 


•

T ≪ − Δ σz(x, t) = (2cZ |Δ |1/4 )1/2(ψ(x, t) + ψ†(x, t) + …)

C(x, t) = ⟨σz(x, t)σz(0,0)⟩T=0ΦR (x /ξ, t/τφ)
τφ ∼ e|Δ|/T /T ΦR

S(q, ω) ≈
2cZ |Δ |1/4

ϵq

1/τφ

(ω − ϵq)2 + (1/τφ)2

S(q, ω) ≈
2T
ω

ℑχ(q, ω), ω ≪ T

153 10.4 Finite temperature crossovers

(0,0)

(x,t )

x

t

!Fig. 10.3 A typical semiclassical contribution to the double time path integral for 〈σ̂ z(x, t)σ̂ z(0, 0)〉. Full lines are thermally
excited particles that propagate forward and backward in time. The ± signs are significant only for g < gc and
denote the orientation of the order parameter. For g > gc , the dashed line is a particle propagating only forward in
time from (0, 0) to (x, t).

as a stationary phase evaluation of a first-quantized Feynman path integral. We therefore
attempt to evaluate the expression in (10.2) by such a path integral. It is clear that the inte-
gral is over a set of trajectories moving forward in time, representing the operator e−i HI t ,
and a second set moving backwards in time, corresponding to the action of ei HI t . In the
semiclassical limit, a stationary phase is achieved when the backward paths are simply the
time reverse of the forward paths, and both sets are the classical trajectories. An example
of a set of paths is shown in Fig. 10.3. Now observe that:

(i) The classical trajectories remain straight lines across collisions because the momenta
before and after the collision are the same. This follows from the requirement of con-
servation of total momentum (k1 + k2 = k′

1 + k′
2) and energy (εk1 + εk2 = εk′

1
+ εk′

2
) in

each two-particle collision, which has the unique solution k1 = k′
1 and k2 = k′

2 (or its
equivalent permutation, which need not be considered separately because the particles
are identical) in one dimension.

(ii) For each collision, the amplitude for the path acquires a phase Sk1k2 along the for-
ward path and its complex conjugate along the backward path. The net factor for the
collision is therefore |Sk1k2 |2 = 1.

These two facts imply that the trajectories are simply independently distributed straight
lines, placed with a uniform density ρ along the x-axis, with an inverse slope

vk ≡ dεk

dk
, (10.67)

and with their momenta chosen with the Boltzmann probability density e−εk/T /ρ

(Fig. 10.3).
Computing dynamic correlators is now an exercise in classical probabilities. As each

particle trajectory is the boundary between domains with opposite orientations of spins,
the value of σ̂ z(0, 0)σ̂ z(x, t) is the square of the magnetization renormalized by quan-
tum fluctuations (N 2

0 ) times (−1) j , where j is the number of trajectories intersecting the
dashed line in Fig. 10.3. Now it remains to average N 2

0 (−1) j over the classical ensemble
of trajectories defined above. This average can be carried out in a manner quite similar to
that in the equal-time computation earlier. Again choosing a system size L & |x | with M
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!Fig. 10.6 Theoretical and numerical results from [442] for the correlator
〈
σ̂ z(x, t)σ̂ z(0, 0)

〉
of HI at x = 30 with J = 1,

g = 1.1 (therefore " = −0.2), T = 0.1; thus the system is in the low T region on the paramagnetic side of
Fig. 10.2. The numerical data were obtained for a lattice size L = 512 with free boundary conditions; it has a “ringing”
at high frequency owing to the lattice cutoff. The theoretical prediction is from the continuum theory prediction in
(10.88) and is represented by the smoother curve. The envelope of the numerical curve fits the theoretical
prediction well.

perfect quantum coherence in the ground state, and so for T > 0 its width in energy is
a natural measure of the inverse phase relaxation time 1/τϕ . In Fig. 10.6 we compare the
predictions of (10.88) with numerical results on a lattice of size L = 512. As expected,
there is a rapid oscillatory part representing the Feynman propagator of a single particle
and an envelope that decays exponentially at a much slower rate. The theoretical curve was
determined from the continuum expression for K (x, t), but the full lattice form for εk was
used. The theory agrees well with the numerics; some differences are visible for small x ,
outside the light cone, but this is outside the domain of validity of (10.88).

We can also compute the structure factor S(k,ω) from (10.88) by taking the Fourier
transform as in (10.4). This will mainly have weight at positive frequencies ω ≈ εk ≈
|"| + c2k2/(2|"|), corresponding to the creation of a quasiparticle by the external probe.
It is not possible to analytically perform the Fourier transform in general, but the leading
term in an asymptotic expansion in T/|"| can be obtained in closed form. For reasons
discussed in [107], it turns out that because ξc/cτϕ = (2T/π |"|)1/2 # 1, the slower
relaxation in time dominates the Fourier transform, and we can simply evaluate the Fourier
transform while ignoring the x dependence of R:

S(k,ω) ≈
∫

dt
∫

dx K (x, t)R(0, t)e−i(kx−ωt)

=
(

2cZ |"|1/4

εk

)
1/τϕ

(ω − εk)2 + (1/τϕ)2 . (10.89)

This result holds for k close enough to the band minimum, with |k| #
√

T "/c; for larger k
there is no alternative to complete numerical evaluation of the Fourier transform. The result



Experiments
• CoNb2O6 zigzag chain of Co2+ ions with effective s=1/2 moment


• Dominant NN interaction along c axis almost ideal TFIC for intermediate T


• In paramagnetic regime determine  via THz absorption, neutron scattering, NMR 

• NMR relaxation rate defined as  


• Differs with other measurements by factor of 2!

Δ

1
T1

= lim
ω→0

2T
ω ∫

dq
2π

|ahf |
2 ℑχ(q, ω)

A major advantage of working with the TFIC as a model
system for testing the fundamental ideas of quantum phase
transitions is that, in the absence of a transverse magnetic
!eld (g¼ 0), the thermodynamic properties of the Ising
chain can be rigorously solved at arbitrary temperatures
[24]. Even in a !nite transverse !eld (g > 0), the TFIC is
well understood atT ¼ 0 [12,22,25], and quantum critical
(QC) scaling theory extends theT ¼ 0 results to !nite
temperatures[6,21].
We show the crystal structure of CoNb2O6 in Fig. 2 [26].

All the pictorial images of the crystal structure in this paper
were drawn using VESTA [27]. The Co-O-Co chains
propagate along the c axis, and the easy axis of the Co
moments lies within the ac plane[14,15]. The ferromag-
netic super-exchange interaction between the nearest-
neighbor Co ions is estimated to beJ ¼ 17–23 K, based
on ESR [18] and neutron scattering[20] measurements.
From the disappearance of magnetic Bragg peaks in the
transverse magnetic !eld applied along the b axis, the
three-dimensional (3D) critical !eld was estimated to be

D ¼ 5.5 Tesla [20,28]. The interchain couplings

tron spins and93Nb nuclear spins. We will experimentally
verify the phase diagram of the TFIC in Fig.1 aboveT ¼
for the !rst time and demonstrate that the e"ect of the QCP
persists at !nite temperatures as high asT � 0.4J .

II. EXPERIMENTAL

We grew the CoNb2O6 single crystal from a stoichio-
metric mixture of cobalt and niobium oxides using a
#oating zone furnace. We assessed the surface quality
and oriented the crystal utilizing Laue x-ray di"ractometry.
Once the material was sectioned into oriented slices along
the a, b, and c crystallographic directions, these were
individually scanned with the Laue di"ractometer, and
they showed a uniform, single-crystalline structure. A small
section of the single crystal was ground into a powder
and analyzed using powder x-ray di"raction, which
showed only single-phase cobalt niobate in the crystal
within instrument resolution. The features present in the
SQUID magnetometry data shown in Fig.2(d) matched
previously published data on this material[14].

3D order

0

Tc

1D ferro (T=0)
hch

QCP

3D order

c, 3Dh

FIG. 1. A generic T − h� phase diagram of the TFIC encom-
passes three scaling regimes with distinct behaviors of the spin-
spin correlation lengthξ: RC [ g < 1, hence h� < h c

� , and
expðþΔ=TÞ], QC ( ξ � 1=T), and QD (g > 1, hence
> h c

� , and ξ � constant) [6]. The dashed and dotted lines
represent the crossover temperature from the QC to the RC
regime atT � Δ and from the QC to the QD regime atT � jΔ j,
respectively. An isolated 1D Ising chain would exhibit ferro-
magnetic long-range order only atT ¼ 0 below hc� , but the 3D
interchain couplings lead to a 3D order atT > 0 up to hc;3D�
> h c

� ). The !lled circle at T ¼ 0 and the 1D critical !eldhc�
represents the QCP of the individual Ising chain.
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What went wrong?
• Is semiclassical continuum  consistent with lattice model?


• 


•  “form factor”:  can take  fermions, odd


• From lattice model single fermion energies bounded: 


• ,  process must have 

ℑχ(ω)

ℑχ(ω) =
1
Z

∞

∑
n,m=0

1
n!m! ∑

{q}{p}

|⟨q1, …, qn |σz
0 |p1, …, pn⟩ |2 δ(ω − E(p) − E(q))(e−E(p)/T − e−E(q)/T)

⟨q1, …, qn |σz
0 |p1, …, pn⟩ σz n→m n − m =

ϵq ∈ (ϵmin, ϵmax) ≡ 2J(h − 1, h + 1)

ω → 0 n → m Ei = Ef ∈ (mΔ, ϵmax)



Universal Scaling Result
• Allowed processes determined by 


• For  dominated by  processes


• Evaluate integrals for low momentum limit of dispersion, in continuum limit 





• Universal result experimentally testable prediction for scaling and pre-factor!

h < (m + n)(m − n)

h < 3 1 → 2

T ≪ Δ ≪ J

1
T1

= |ahf |
2 Z

T3/4
Φ2(T/Δ), Φ2(T/Δ) =

3 3

2π
(T/Δ)11/4 e−2Δ/T



Non-equilibrium Dynamics in 
the Sachdev-Ye-Kitaev 

Model
Based on A. Eberlein, V. Kasper, S. Sachdev, and J.S. “Quantum quench of the 
Sachdev-Ye-Kitaev model”, Phys. Rev. B. 96, 205123 (2017), arXiv:1706.07803.

H =
1

(2N)3/2

NX

i,j,k,`=1

Jij;k` c
†
i c

†
jckc` � µ

X

i

c
†
i ci

cicj + cjci = 0 , cic
†
j + c

†
jci = �ij

Q =
1

N

X

i

c
†
i ci

1 2

3 4
5 6

7
8

9

10

11
12

12 13

14

J3,5,7,13
J4,5,6,11

J8,9,12,14

A. Kitaev, unpublished; S. Sachdev, PRX 5, 041025 (2015)

S. Sachdev and J. Ye, PRL 70, 3339 (1993)

Jij;k` are independent random variables with Jij;k` = 0 and |Jij;k`|2 = J2

N ! 1 yields critical strange metal.

SYK model



Thermalization in Closed 
Quantum Systems

• Thermalization/Ergodicity: equivalence of time and ensemble averages


• System described in terms of conserved quantities and initial conditions lost


• Correlation functions obey FDT/KMS conditions


• Apparent paradox: unitary evolution does not lose information 


• Resolution: quantum system acts as own heat bath for subsystems


• Information locally inaccessible but preserved globally

Thermalization Without	Quasiparticles

•Thermalization in	a	quantum	system:

•System	acts	as	own	heat	bath	for	subsystems

•Local	observables	approach	thermal	values

•Systems	without	quasiparticles:	fast	relaxation

•Saturate	lower	bound:

B

A
⌧' � C ~

kBT , T ! 0



What is a Quantum 
Quench?

• Quantum quench: 


• System starts in pure or thermal state evolving unitarily under one Hamiltonian


• Hamiltonian changes suddenly (short time compared to energy gap) adding energy to 
system 


• System continues evolving unitarily under new Hamiltonian, long times expect to end in 
steady state 


• Nature of final state depend on conserved quantities, nature of interactions


• If thermal  determined by  conservation of energy post quenchT



The SYK Model
• Generalized SYK model: N flavors of Majorana fermions with q-body interactions in 0+1 dim


• 


• Solvable in large N limit  from Schwinger Dyson eqns


  


• Strong coupling  SD eqns invariant under reparameterizations:  

H = (i)
q
2 ∑

1≤i1<i2<...<iq≤N

ji1i2...iqψi1ψi2 . . . ψiq, ji1i2...iq ∼ 𝒩 (0,
J2(q − 1)!

Nq−1 ), {ψi, ψj} = 0

G(τ1, τ2) ≡ ⟨Tτψ(τ1)ψ(τ2)⟩

G−1(ω) = − iω − Σ(ω), Σ(τ1, τ2) = J2[G(τ1, τ2)]q−1

βJ ≫ 1 τ → f(τ)



Anomalous Low Energy 
Properties

• For ,  given by Wigner’s semicircle Fermi’s Golden rule 


• “Conformal” Green’s function with spectral density  


• Show from Fermi’s Golden rule for ,  


• SYK a quantum critical state without quasiparticles and extensive ground state 


• Reparameterization related to local criticality ( )


• Spontaneously and explicit breaking of symmetry leads to Schwarzian effective action and 
connections to nearly  gravity!

q = 2 A(ω) τqp ∼ T−2

A(ω) ∼ ω
2
q −1

q = 4 τqp ∼ T−1

S

z → ∞

AdS2



Quench Protocol
• How do quantum critical states without quasiparticles behave out of equilibrium?


• SYK a good model to test


• Probe by quantum quench: sudden change to Hamiltonian adds energy to system


• Consider 


• Quench from system with quasiparticles to state without quasiparticles

H(t) = i∑
i<j

j2,ij f2(t)ψiψj − ∑
i<j<k<l

j4,ijkl f4(t)ψiψjψkψl



Closed time Contour
• Adiabatic thm: if perturbation turned on slowly, final and initial state differ by phase


• Not true out of equilibrium, can keep track of full time evolution with CTC


• Define fields  on forward (backward) legs


• Correlation functions: , 


• Independent in general but  always for Majorana fermions

ψ±

iG>(t1, t2) = ⟨ψ−(t1)ψ+(t2)⟩ iG>(t1, t2) = ⟨ψ−(t1)ψ+(t2)⟩

G>(t1, t2) = − G<(t2, t1)

"̂

−∞ +∞

%̂(t, − ∞)̂ρ(−∞)

%̂(−∞, + ∞)

%̂(+∞, t)

t



Out of Equilibrium Evolution
• Use  and  to construct all other Green’s functions


• 


• Kadanoff-Baym equations for  along contour


• 


• Quadrants B, D propagate information from C (pre-quench) to A (post-quench)

G> G<

GR(t1, t2) = Θ(t1 − t2)(G> − G<), GA(t1, t2) = Θ(t2 − t1)(G< − G>), GK = G> + G<

G>(<)

G> ⊗ G−1
0 = (GR ⊗ Σ> + G> ⊗ ΣA), G−1

0 ⊗ G> = (ΣR ⊗ G> + Σ> ⊗ GA)



Numerical Study
• Absolute time:  relative time , 


• Near equilibrium Wigner transform  to look at small ’s


• Near equilibrium vary slowly with  and FDT implies: 


• Fit  and find  for low 

𝒯 = t1 + t2 t = (t1 − t2)/2

f(𝒯, t) → f(𝒯, ω) ω

𝒯
iGK

A
(𝒯, ω) ≈ tanh(βeff(𝒯)ω/2)

βeff(𝒯) = βf + α exp (−Γ 𝒯) Γ ∼ T T
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Large q Limit
• Consider quench from  SYK for large 


• Kadanoff-Baym equations exactly solvable for 


• Impose pre-quench solution in C 


•  everywhere from causality


•  invariance: , and 


• Use to fix BCs and find : final solution which only depends 
on  not !

q + pq → pq q

p = 2

g(t2, t1) = [g(t2, t1)]*

SL(2,C) h(t) →
ah(t) + b
ch(t) + d

ad − bc = 1 g(t, t) = 0

hA1(t), hA2(t)
t 𝒯

t1

t2

AB

C D

g(t1, t2) = gC(t1 � t2)

gB(t1, t2) = ln


�h0

B1(t1)h
0
B2(t2)

J 2(hB1(t1)� hB2(t2))2

�

gA(t1, t2) = ln


�h0

A1(t1)h
0
A2(t2)

J 2(hA1(t1)� hA2(t2))2

�

g eA(t1, t2) = ln

"
�h0

eA1
(t1)h0

eA2
(t2)

J 2(h eA1(t1)� h eA2(t2))
2

#

gD(t1, t2) = ln


�h0

D1(t1)h
0
D2(t2)

J 2(hD1(t1)� hD2(t2))2

�

eA



Remarks and Connection to 
Gravity

• In general conjecture that  where 


• Instantaneous thermalization of  in large  limit!


•  solutions to EOM of Schwarzian action!


• Local thermalization connected to reparameterization modes 

• Any theory with Schwarzian effective action should locally thermalize instantaneously 

• However quantities with higher order correlations can take long time to thermalize!

Γ ∼ 𝒞(q)T 𝒞(∞) = 0

G> q

hA1(t), hA2(t)



Thermalization and chaos in 
a conformal gauge theory

Based on J. S. and B. Swingle. “Thermalization and chaos in 

QED3”, Phys. Rev. D 99, 076007 (2019), arXiv: 1901.04984. 
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Thermalization and chaos
• Thermalization a multi-step process in strongly interacting quantum systems


• Local relaxation (early) Global scrambling of information (intermediate) Build up 
of complexity (late)


• Scrambling shown in exponential decay of OTOC:





• Rigorous upper bound ,  maximum speed of information propagation


• Expect quantum critical systems to be fast scramblers i.e. 

→ →

⟨W(t, x)V(0)W(t, x)V(0)⟩
⟨W(t, x)W(t, x)⟩⟨V(0)V(0)⟩

∼ 1 − eλL(t−x/vB)

λL ≤
2π
β

vB

λL ∼ 𝒞
2π
β



QED in 2+1 dimensions
•   massless fermions coupled to U(1) gauge field: 




•  emerges from lattice modes where order parameters fractionalize


• Coupling  is relevant, flow to strongly interacting IR fixed point


• Limit of large , fluctuations in  suppressed expansion about free theory in  


• Expansion breaks down for some unknown 

Nf

ℒ = −
1
4

F2 +
Nf

∑
a=1

iψ̄aγμ(∂μ − ieAμ)ψa

QED3

e

Nf F 1/Nf

Nc



Extracting Chaos 
Exponents

• OTOC contained in squared anti-commutator,


• 


• Grows ballistically 


• Time ordering on double contour


• Vertical lines: retarded propagators, horizontal lines: Wightman function


• Represented as ladder diagram with two  rungs

ℱ(t, x) =
1

N2
f

Nf

∑
a,b=1

Tr[ ̂ρ{ψa(t, x), ψ̄b(0)} ̂ρ{ψa(t, x), ψ̄b(0)}†]

∼ eλL(t−x/vB)

O(1/Nf )
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Propagators
• Photon propagator: nonperturbative  object


• Longitudinal and transverse part, form restricted by current conservation


• Develops thermal 


• Fermion mass 


• Imaginary part  gives finite lifetime and suppresses chaos

O(1)

m2
th =

e2T log 2
π

O(1/Nf )

Γk ∼
T
Nf

t

ß

t

ß

t

ß

A B

0 0.1 0.2 0.3 0.4 0.5
-1.4

-1.2

-1

-0.8

-0.6

-0.4

-0.2

0

0.2
exact
high T

0 0.1 0.2 0.3 0.4 0.5
0

0.05

0.1

0.15
exact
high T

A B

t

ß

t

ß

t

ß

0 1 2 3 4 5
0

0.5

1

1.5

2

2.5

3

3.5

4

= +

= +



Bethe-Salpeter Equation
• Long times, legs on shell, exponential growth


• Ladder two body wave-function, eigenstate of “projection” operator


• Do projection and get eigenvalue equation for two part function





• Largest eigenvalue controls chaos: 


• Never violates bound despite breakdown of large  expansion

→

(−iν + isδϵq + 2Γk)ψs(ν, q, k) = ∑
s′ =±

1
Nf ∫k′ 

Kss′ (k, k′ )ψs′ (ν, q, k′ )

λL = 𝒞
2πT
Nf

, 𝒞 ≈ 0.65

Nf



Chaos and Gauge Invariance, 
Symmetry Breaking

• Could consider gauge invariant quantity




•  and  correlators related by current conservation


• All diagrams in  contained in  + additional suppressed by , chaos should 
grow at least as fast as for 


• If dynamical mass generated through chiral symmetry breaking expect 

𝒞(t, x) = δμρδνσ
1

N2
f

Nf

∑
a,b=1

Tr[ ̂ρ[ jμ
a (t, x), jν

b(0)] ̂ρ[ jρ
a(t, x), jσ

b (0)]†]

Aμ jμ

ℱ(t, x) 𝒞(t, x) 1/Nf
ℱ(t, x)

λL ∼ e−m/T

=

=

+

+

Pixel 6 =

=

+

+

Pixel 6

=

+

Pixel 6



Bounding Transport in 
Disordered Holographic 

Matter
Based on Andrew Lucas and J. S. “Charge diffusion and the butterfly effect in 
striped holographic matter”, JHEP 1610, 143 (2016), arXiv:1608.03286. 
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FIG. 31 Relevant and irrelevant inhomogeneities. In
the top plot the inhomogeneities grow towards the interior of
the spacetime whereas in the bottom plot they decay towards
the interior. In the irrelevant case one case use perturbation
theory in the interior, almost homogeneous, geometry to de-
scribe momentum relaxation. In the relevant case one must
find the new inhomogeneous interior spacetime, typically by
solving PDEs.

graphic models: firstly, whether momentum relaxation
occurs due to a periodic lattice or a random potential,
and secondly, whether the dynamic critical exponent z
is finite or infinite. Let us discuss these in turn. Note
first that the memory matrix expression (510) for the mo-
mentum relaxation rate depends only on the k-dependent
spectral weight ⇢(k) in (297), so that we can write

M
⌧imp

=

Z
ddk

(2⇡)d
|h(k)|2k2

x ⇢(k) . (528)

The susceptibility M will generically be constant in a
compressible phase at T ⌧ µ. This formula will thus
determine the temperature dependence of ⌧imp from the
temperature dependence of ⇢(k).

Consider first the case of a regular, periodic lattice. For
simplicity, focus on the periodicity in one direction and
take the lattice potential to be a single cosine mode with
lattice wavevector kL. These are not crucial assumptions
for the physics we are about to describe. Then in (528)

we have

|h(k)|2 ! h̄2�(k � kL) ) M
⌧imp

⇠ h̄2k2

L
⇢(kL) .

(529)
The essential point here is that the momentum relax-
ation rate is given in terms of the low energy spectral
density at a nonzero wavevector. The lattice can only
relax momentum e�ciently if there exist low energy de-
grees of freedom that the lattice can scatter into. This
again brings out the analogy to Fermi’s Golden rule.

If z < 1, then we saw in (326) above that low energy,
nonzero wavevector spectral weight is exponentially sup-
pressed. This reflects the intuitive fact that if z < 1
then low energy excitations scale towards the origin of
momentum space. A spatially periodic lattice is highly
irrelevant with such scaling. It follows that momentum
relaxation is very ine�cient and momentum is exponen-
tially long-lived

⌧imp ⇠ e+CkL/T 1/z

. (530)

An example of this long timescale, which leads to an
exponentially large dc conductivity in (512), was found
numerically in the holographic computations of [390], for
the normal component of the conductivity in the super-
conducting phase. It reflects the emergence (up to log-
arithmic corrections) of a z = 1, AdS4 geometry in the
far interior of the spacetime, and the corresponding in-
e�cient scattering by a periodic lattice. Exponentially
large conductivities can occur in conventional metals in
a ‘phonon drag’ regime, where the bottleneck for momen-
tum relaxation is phonon umklapp scattering. Evidence
for this e↵ect was presented in [380]. The kinematic cause
is the same: phonons do not have low energy spectral
weight at nonzero wavevector and hence cannot scatter
e�ciently o↵ a lattice.

As was emphasized in §4.3.1 and §4.3.2, a key aspect
of z = 1 scaling is the existence of low energy, nonzero
momentum spectral weight. In particular, at low tem-
peratures we can use (322) in the formula (528) for the
relaxation rate to obtain [342]

M
⌧imp

⇠ h̄2k2

L
T 2⌫kL

�1 . (531)

Recall that this results holds for AdS2⇥Rd and also other
geometries, conformal to AdS2 ⇥ Rd, with z = 1. The
above expression (531) leads to a power law in tempera-
ture dc resistivity via (512), with the power determined
by the scaling dimension ⌫kL . This power law can be seen
explicitly in full blown numerical results [392]. Pertur-
bation theory is valid so long as the lattice is irrelevant
and the resistivity goes to zero at T = 0, which requires
⌫kL > 1

2
. In later sections we will discuss the relevant

case, leading to insulators, as well as the case of ⌫k imag-
inary, leading to instabilities.
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Bounding Transport in Matter 
Without Quasiparticles

• Widely believed that anomalous transport in strange metal phase of cuprates related 
to presence of QCP at 


• Points to saturation of some quantum bound


• How to precisely formulate bound and relate to transport?


• Conjectured that  for charge diffusion,  unspecified


• In certain class of holographic IR fixed points, , 

T = 0

D ≥ 𝒞
v2

T
v

D = 𝒞
v2

B

T



Holographic Quantum 
Matter

• AdS/CMT: in some limit strongly coupled QFT may be described as boundary theory 
of classical theory of gravity


• Radial dimension energy scale


• Black hole solutions to Einstein equations where 


• RG flow from UV boundary fixed point IR horizon fixed point


• Universal low energy effective theory on horizon of black hole

→

TQFT = TH

→
13

,QFUHDVLQJ�UHGVKLIW

89

,5

FIG. 3 The radial direction: Events in the interior of the
bulk capture long distance, low energy dynamics of the dual
field theory. Events near the boundary of the bulk describe
short distance, UV dynamics in the field theory dual. The
simplest way to think about this is that the interior events
are increasingly redshifted relative to the boundary energy
scales (a similar logic was used in the decoupling argument
of §1.5 to derive holographic duality, here we are discussing
redshifts within the near horizon AdS region itself).

meaning of this extra ‘radial’ dimension. The short an-
swer is that the radial dimension geometrizes the renor-
malization group: processes close to the boundary of
the bulk correspond to high energy physics in the dual
QFT while dynamics deep in the interior of the bulk de-
scribes low energy physics in the QFT. This will be one
of the conceptual pillars of holographic condensed mat-
ter physics, another being the already mentioned fact
that horizons geometrize dissipation. The relation is il-
lustrated in the Figure 3.

The radial or ‘holographic’ dimension captures all of
the standard renormalization physics: (i) isolating uni-
versal low energy dynamics while parameterizing our ig-
norance about short distance physics, (ii) computing
beta functions for running couplings and (iii) determin-
ing the structure of short distance divergences as a UV
regulator is removed. In this section we work through the
illustrative case of a scalar field in a fixed background ge-
ometry, as in the previous section. We will develop the
concepts further as we need them throughout the review.

1.7.1. Bulk volume divergences and boundary counterterms

We have already encountered a divergence when we
tried to evaluate the on-shell action in (34). This diver-
gence is due to the infinite volume of the bulk spacetime,
that is integrated over in evaluating the action. In (34)
we regulated the divergence by cutting o↵ the spacetime
close to the boundary at r = ✏. We will see momentarily
that this cuto↵ appears in the dual field theory as a short

distance regulator of UV divergences. This connection
between infinitely large scales in the bulk and infinitesi-
mally short scales in the field theory is sometimes called
the UV/IR correspondence [692]. Taking our cue from
perturbative renormalization in field theory, we can reg-
ulate the bulk action by adding a ‘counterterm’ boundary
action. For the case of the scalar, let

S ! S + Sct. = S +
a

2L

Z

r=✏
dd+1x

p
���2 . (41)

Choosing a = ��d�1, the counterterm precisely cancels
the divergent term in (34). Because it is a boundary
term defined in terms of purely intrinsic boundary data,
it neither changes the bulk equations of motion nor the
boundary conditions of the bulk field. The counterterm
action furthermore contributes to the finite term in the
expectation value of the dual operator: We can now write
(35) more precisely as

hO(x)i = (2� � d � 1)�(1) . (42)

The counterterm boundary action is a crucial part of the
theory if we wish the dual field theory to be well-defined
in the ‘continuum’ limit ✏ ! 0. A bulk action that is
finite as ✏ ! 0 allows us to think of the dual field the-
ory as being defined by starting from a UV fixed point.
This is the first of several instances we will encounter in
holography where boundary terms in the action must be
considered in more detail than one might be accustomed
to.

The counterterm action (41) is a local functional of
boundary data. It is a nontrivial fact that all divergences
that arise in evaluating on shell actions in holography can
be regularized with counterterms that are local function-
als of the boundary data. The terms that arise precisely
mimic the structure of UV divergences in quantum field
theory in one lower dimension, even though the bulk di-
vergences are entirely classical. This identification of the
counterterm action is called holographic renormalization.
Entry points into the vast literature include [180; 669].
An important conceptual fact is that in order for the
bulk volume divergences to be local in boundary data,
the growth of the volume towards the boundary must
be su�ciently fast. Spacetimes that asymptote to AdS
spacetime are the best understood case where such UV
locality holds.

1.7.2. Wilsonian renormalization as the Hamilton-Jacobi
equation

In this review we will frequently be interested in uni-
versal emergent low energy dynamics. For such ques-
tions, as in conventional quantum field theory, the precise
short distance regularization or completion of the theory
is unimportant. To understand the running of couplings

S.	Hartnoll,	A.	Lucas,	and	S.	Sachdev,	Holographic	Quantum	

Ma2er.



What do Black Holes have in 
Common with Quantum Matter?
• Classical  black holes are thermodynamic


• Surface gravity  constant (0th law)


•  (1st law)


•  (2nd law)


• Black holes are dissipative, fast relaxation , Hawking radiation


• Exotic quantum matter without quasiparticles may share properties of black holes!

κ

δM =
κ

8πGN
δA

δA ≥ 0

τ ∼
ℏ

kBT



Constructing “Bottom” up 
Models

• To study universal properties construct gravity dual via Landau-Ginzburg like 
procedure


• Operator in QFT bulk field, global symmetry gauged symmetry


• EMD: 


•  Maxwell field (conserved charge),  dilaton (turns gauge coupling dynamical)


• Emergent IR geometry describes zoo of exotic quantum matter with various  and 
hyperscaling violating exponent 

→ →

S = ∫ dd+2x −g[ 1
2κ2 (R − 2(∂Φ)2 −

V(Φ)
L2 ) −

Z(Φ)
4e2

F2]

F Φ

z
θ



Adding Disorder to 
Holographic Matter

• Transport bounds should be robust in presence of disorder


• Hard to compute in disordered QFTs but relatively simple for holographic matter


• Add disorder through striped dilaton: 


• For relevant dilaton i.e.  disorder distorts IR geometry


• Solve Einstein equation  for new black hole geometry

Φ(x, r → 0) = H(x)rd+1−ΔL−d/2 + …

Δ < d + 1

RMN −
R
2

gMN − TMN = 0 106

FIG. 31 Relevant and irrelevant inhomogeneities. In
the top plot the inhomogeneities grow towards the interior of
the spacetime whereas in the bottom plot they decay towards
the interior. In the irrelevant case one case use perturbation
theory in the interior, almost homogeneous, geometry to de-
scribe momentum relaxation. In the relevant case one must
find the new inhomogeneous interior spacetime, typically by
solving PDEs.

graphic models: firstly, whether momentum relaxation
occurs due to a periodic lattice or a random potential,
and secondly, whether the dynamic critical exponent z
is finite or infinite. Let us discuss these in turn. Note
first that the memory matrix expression (510) for the mo-
mentum relaxation rate depends only on the k-dependent
spectral weight ⇢(k) in (297), so that we can write

M
⌧imp

=

Z
ddk

(2⇡)d
|h(k)|2k2

x ⇢(k) . (528)

The susceptibility M will generically be constant in a
compressible phase at T ⌧ µ. This formula will thus
determine the temperature dependence of ⌧imp from the
temperature dependence of ⇢(k).

Consider first the case of a regular, periodic lattice. For
simplicity, focus on the periodicity in one direction and
take the lattice potential to be a single cosine mode with
lattice wavevector kL. These are not crucial assumptions
for the physics we are about to describe. Then in (528)

we have

|h(k)|2 ! h̄2�(k � kL) ) M
⌧imp

⇠ h̄2k2

L
⇢(kL) .

(529)
The essential point here is that the momentum relax-
ation rate is given in terms of the low energy spectral
density at a nonzero wavevector. The lattice can only
relax momentum e�ciently if there exist low energy de-
grees of freedom that the lattice can scatter into. This
again brings out the analogy to Fermi’s Golden rule.

If z < 1, then we saw in (326) above that low energy,
nonzero wavevector spectral weight is exponentially sup-
pressed. This reflects the intuitive fact that if z < 1
then low energy excitations scale towards the origin of
momentum space. A spatially periodic lattice is highly
irrelevant with such scaling. It follows that momentum
relaxation is very ine�cient and momentum is exponen-
tially long-lived

⌧imp ⇠ e+CkL/T 1/z

. (530)

An example of this long timescale, which leads to an
exponentially large dc conductivity in (512), was found
numerically in the holographic computations of [390], for
the normal component of the conductivity in the super-
conducting phase. It reflects the emergence (up to log-
arithmic corrections) of a z = 1, AdS4 geometry in the
far interior of the spacetime, and the corresponding in-
e�cient scattering by a periodic lattice. Exponentially
large conductivities can occur in conventional metals in
a ‘phonon drag’ regime, where the bottleneck for momen-
tum relaxation is phonon umklapp scattering. Evidence
for this e↵ect was presented in [380]. The kinematic cause
is the same: phonons do not have low energy spectral
weight at nonzero wavevector and hence cannot scatter
e�ciently o↵ a lattice.

As was emphasized in §4.3.1 and §4.3.2, a key aspect
of z = 1 scaling is the existence of low energy, nonzero
momentum spectral weight. In particular, at low tem-
peratures we can use (322) in the formula (528) for the
relaxation rate to obtain [342]

M
⌧imp

⇠ h̄2k2

L
T 2⌫kL

�1 . (531)

Recall that this results holds for AdS2⇥Rd and also other
geometries, conformal to AdS2 ⇥ Rd, with z = 1. The
above expression (531) leads to a power law in tempera-
ture dc resistivity via (512), with the power determined
by the scaling dimension ⌫kL . This power law can be seen
explicitly in full blown numerical results [392]. Pertur-
bation theory is valid so long as the lattice is irrelevant
and the resistivity goes to zero at T = 0, which requires
⌫kL > 1

2
. In later sections we will discuss the relevant

case, leading to insulators, as well as the case of ⌫k imag-
inary, leading to instabilities.



Fluid Gravity Expansion
• For  and  “hydrodynamic” disorder 


• Fluid gravity expansion in coordinates regular at horizon, new metric








• Can also use Kruskal coordinates which cover whole spacetime





∂xH/H ∼ ξ−1 1 ≪ ξT

ds2 = − 2ã(r; H(x))dvdr − a(r; H(x))dv2 + b(r; H(x))dx2 + O(ξ−1)

Φ = ϕ(r; H(x)) + O(ξ−1)

ds2 = 2A(UV; H(x))dUdV + B(UV; H(x))dx2 + O(ξ−2)



Conductivity
• Charge diffusion coefficient 


•  from linear response: add electric field perturbation 


• Maxwell equation for gauge field 


• Leads to current  , radially conserved  QFT


•  Ohm’s law  


• In terms of the local conductivity  , 

D = σ/χ

σ A = − Evdx + Ã

∂M( −gZ(Φ)FMN) = 0

Jx = e−2 −gZFxr Jx ↔ ⟨Jx⟩

σ = ⟨Jx⟩/E

σ = 1/𝔼[1/σ̃(x)]



Susceptibility
•  where 


• Find  in fluid gravity limit 


• Impose , evaluation of  involves integral through full geometry


• Find dominant contribution from horizon geometry if scaling dimension of  is relevant


• In the end find   scaling exponent from IR geometry

χ ≡
∂𝔼[n]

∂μ
n = ⟨Jt⟩

n ≈ −
1
e2

ZFvr

A(r = 0,x) = μdv χ

χ

D ∼ 𝒞
1

4πT𝔼[Hη]𝔼[H−η]
η



Butterfly velocity
• Solve Einstein equation with shockwave term added to stress tensor


• Use WKB like approximation and find





•  and to   is constant


• Cauchy-Schwarz inequality implies  implying 


• Conclude  not a good velocity to bound 

h ∼ eλL(t−|x|/vB)

1/vB = 𝔼[1/ṽB] O(ξ−1) ṽB

𝔼[Hη]𝔼[H−η] ≤ 1 D ≤ 𝒞
v2

B

T

vB D

U = 0V = 0

trt t
t

h(x)

(a) (b)



Outlook
• Dynamics of QC systems driven by interplay of quantum and thermal fluctuations 


• Lack of separation of timescales makes it hard to study QC systems in controlled setting


• When system is dual to a free theory, get nice results which can be related to experiments


• Otherwise can use analytical tools like large N expansion, Keldysh, AdS/CMT


• Large  limit  may be issue, gravity dual seems removed from microscopic condensed 
matter systems


• However, approaches provide promising qualitative insights for future directions

N



Other work: Computation 
as Emergent Phenomena 

in Neural Networks
J. S., M. Advani, and H. Sompolinsky “A New Role for Sparse Expansion in Neural 
Networks” 

J. S. and H. Sompolinsky “Associative Memory of Structured Knowledge”  to appear



Neural Networks are Interacting 
Many-Body Systems

• Neural network: large network of two state “neurons" which transition when input 
reaches firing threshold


• “Synapses”: connections between neurons


• Neural network coarse grained description of biological neurons and synapses


• Provide insight on how principles of computation emerge from properties of network


• Useful analogies with statistical physics of disordered systems to study equilibrium 
and dynamical properties



A New Role For Sparse 
Expansion in Neural Networks
• Sensory processing in brain: sequence of representations


• Sparse expansion: low dimensional dense activity high dimensional sparse activity  


• Neurogenesis: process of creating and recycling neurons in brain


• Can sparse expansion improve learning if synapse later pruned?


• Find in simple model, expanding network gives it capacity to find better solutions


• Related to slack regularization

→



Associative Memory of 
Structured Knowledge

• Model to store structured knowledge (memories of multiple associated items) in 
associative memory


• Memories stored in synapses but binding relations between items in neurons


• Full structure stored as single attractor instead of series of attractors 


• Number of stored structures, scales linearly with network size. Length of structures 
affects the quality of retrieval. Novel scaling law: L /N 1

3 ∼ 1

a1 b1

. .

. .

. .

aL bL

Ŝ =
PL

`=1 g(a`, b`)

g(a`, b`)
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Memory
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